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1.1

1. Preliminaries

We assume no knowledge about local fields, and as such first recall the definition and the basic
properties of such a field. We asume, however, knowledge of the general theory of extensions of
fields (Galois theory, ramification theory, etc).

Definition 1.1 — Local Field. We say that a field K is a local field if there exists a valuation,
that is a morphism v : K* — Z satisfying Vx,y € K*, v(x+y) = min{v(x),v(y) }, such that

1. K is complete for the absolute value defined by Vx € K [x|x = exp(—v(x)).

2. the quotient field {x € K | v(x) > 0}/{x € K | v(x) > 1} is finite.

For such a field K,

e thering Og = {x € K | v(x) > 0} = {x € K | |x|x < 1} is called the ring of integers of K.

e its ring of integers is local of maximal ideal mg = {x € K | v(x) >0} ={x € K | v(x) >
1} ={x € K | |x|x < 1} and the units are exactly the elements of valuation 0, or equiva-
lently of norm 1.

e the quotient field k = Ok /m is called the residue field of K.

¢ an element of mg of minimal valuation is called an uniformizer of K. Equivalently, an
uniformizer is a generator of the ideal mg.

e the norm |.|¢ satifies not only the triangle inequality, but the stronger ultrametric inequal-
ity:

Vx,y €K, |x+ylxk < max{|x[x,|y[x}

Finite extensions of local fields

The typical example of a local field is Q, for p a prime, with ring of integers Z, and residue field
[F,,. In fact, one can prove that any local field of characteristic zero is a finite extension of Q,,. Our
interest lies in the converse:

Theorem 1.1 Let K be a local field and L a finite extension of K. Let Ny /g : L* — K™ be the
norm morphism, and for x € L, |x|;, = [N /x(x)|x. Then L is a local field for the absolute value
|-Iz.

Note that the results of this section do not form the core of the subject, but they are used
implicitly many times in the following sections. For examples, in the next section we will talk
about "the" ramification index of an extension of local fields: one has to understand that we are
talking about the ramification index respective to the maximal ideals (and thus we are implicitly
using this theorem).

The proof of this theorem is not at all as easy as one could think. It uses the following important
lemma:

Proposition 1.1 — Hensel’'s lemma. Let K be a local field, f € Ok[X], g,h € k[X] such that
f = gh modulo mg and gcd(g,h) = 1. Then then are polynomials g,h € Ok [X] such that f = gh
with g = g modulo mg, h = h modulo mg, deg(g) = deg(3).

Moreover, if we suppose that f, g, h are monic and add the condition that g and & need to be
monic, then g and % are unique.



6 Chapter 1. Preliminaries

Proof. We fix ® a uniformizer of K and a set of representatives of k giving ¢ : k — Ok a right-
inverse of the projection Ox — k. We then have a bijection

vk = Ok, (an)n— Y 0(an) 0"

neN

Beware that ¢ and y do not respect any structure. Y gives a bijection

kXY = O[], (Y aniX )= Y (Y d(an)0")x*

keN keN neN

Moreover, the polynomials on Ok are exactly given by the families of polynomials on k with a
uniform bound on their degrees, and in this case the degree of the polynomial given by V¥ is the
maximum of the degrees of the polynomials on k[X].

Now let us reformulate what we want to prove. If we denote by (f,), the inverse image of f
by V, saying that f = gh in Ok [X] with g = g modulo mg and & = h modulo mg is equivalent to
saying that there exist two families (g,)n, (f,)n of polynomials of k[X] of bounded degrees such
that

VneN, fu=Y gihit
k=0

with go =g and hg = h.
But proving the existence of such families is easy. Indeed, the above condition can be written

as follows:
n—1

Vn € N, gohy + guho = fo— Y, i
k=1

and (g,) and (h,) can be defined by induction using the fact that the ideal generated by go and Ao
is the whole ring k[X|. Moreover we know that we can impose deg(g,) < deg(go) for n € N* so
that we get deg(g) = deg(go) = deg(g) as stated. The fact that f and g are polynomials in Ok [X]
implies that % is too, or we can check by induction that deg(h,) < deg(f) —deg(g) forn € N.
For n € N*, g, is determined modulo a multiple of g¢, and if want g monic we should have
deg(gn)) < deg(go) therefore (g,) is uniquely determined. Then (A, ) is determined by (g,) and
we have the unicity. |

Corollary 1.1 Let P € K[X] be an irreducible polynomial whose leading and constant coeffi-
cients are in Ok. Then P € Ok[X].

Proof. Fix o a uniformize of K. Suppose that P ¢ Ox[X], and let m € N* be the smallest integer
such that @™ P € Ok[X]. Modulo mg, the polynomial ®”P € Ok[X] is non-zero but divisible by
X. If we write it X¢h with e € N*, h € k[X], h(0) # 0, then by Hensel’s lemma f = gh for some
g,h € Ox[X], deg(g) = e. By the irreducibility of f in K[X], we have f = Ag for some A € K.
But since the leading coefficient of f vanishes modulo mg, deg(g) = e < e +deg(h) < deg(f).
Therefore we get a contradiction. |

Proof of the theorem. The valuation associated to |.|;, is indeed a morphism with values in Z. We
need to prove that |.|;, satifies the ultrametric inequality. It is sufficient to prove that |1 + x|, < 1
if x € L, |x| < 1. Let P be the minimial polynomial of x over K, so that P(X — 1) is the minimal
polynomial of 1 +x over K, |x|p, = |P(0)[} < 1, |1 +x|, = P(—1)|¥ where m is the degree of L
over K[x|. P has leading coefficient 1 € Ok and constant coefficient P(0) € Uk by hypothesis. By
the previous corollary, P € Ok[X], and therefore P(X — 1) € Ok[X]. In particular P(—1) € Ok, or
equivalently |1+ x|, < 1 as we wanted.

The completeness of L is a particular case of a much more general statement: any finite-
dimensional vector space on a complete field is complete for any norm (it is true for the norm given
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by the maximum of the coordinates in a fixed basis, and so for any norm by the equivalence of

norms). In our case, we apply this result to |.|

i/ dimx(L) \which is homogeneous and still satifies the

ultrametric inequality.

Finally, we prove that [ /k is a field extension of degree at most n = dimg (L), where [ is the
residue field of L. Let (X7, ...,X,11) be elements of [ and (xi,...,Xx,+1) in L representants of these
elements. Then we have elements (A, ...,A,.1) of L, with at least one non-zero, such that

n+1

Z ;kak =0
k=1

Fix i € [1;n+ 1] such that 4; is non-zero of minimal valuation. Then

A
x,-+2fxi =0
k#i M

with % € Ok[X] for any k. In the quotient by mg, we get a relation between the elements

(¥, ...

,Xn+1) with a coefficient 1 in front of X;. Hence the result. [ |

Theorem 1.2 Let K be a local field, L, M two finite extensions of K. Then:
1.

. The unramified finite extensions of K are in 1-1 correspondence with the finite extensions

. For any n € N*, K has exactly one unramified extension of degree n, denoted K.
. If L/K is an unramified extension, then L/K is Galois of Galois group Gal(L/K) ~

Any morphism of K-algebras L — M induces a morphism of k-algebras [ — m (their
residue fields). If L is unramified, then this is a 1-1 correspondence.

of k by taking their residue fields.

Gal(l/k) ~ Z/dimg(L)Z. In particular L/K is an abelian extension.

Proof.

1. Let f: L — M be a morphism of K-algebras. We have to show that /(&) C € and

f(mz) Cmy. Let x € Op and P the minimal polynomial of x over K, so that v(P(0)) > 0
by hypothesis. The polynomial P vanishes at f(x) and is irreducible so P is the minimal
polynomial of f(x), thus f(x) € Op. Similarly, x € my, if and only if v(P(0)) > 0 and we get
that f(mz) C my,. Therefore f induces a morphism of k-algebras [ — m.
Now we suppose that L is unramified. Let o € [ be a generator of /* and g € k[X] its minimal
polynomial. Let g € Uk |[X] be a monic representant of g. g is still irreducible in Ok [X]. And
since g = (X — a)h for some & € [[X] that doesn’t have & as root (a finite field is perfect),
by Hensel’s lemma g = (X — a)h for some unique a € 0y, a representant of o, h € 0 [X] a
representant of /. Since g is irreducible over K[X], g is the minimal polynomial of a and the
equality deg(g) = deg(g) = dimy(I) = dimg (L) (L being unramified) implies that L = K[a].
Then we prove that

HomK—algebms(LvM) = {b €0y ’ g(b) = 0}
~{Bem|g(B)=0}

~ HOmk—algebras(la m)

Indeed, the first isomorphism is simply because a morphism of K-algebras from L is deter-
mined by the image of a, which must be an element of &), of minimal polynomial g. The
second isomorphism is a consequence of Hensel’s lemma: a root of g in m can be uniquely
lifted as a root of g in &). The third isomorphism is because a morphism of k-algebras from
[ is determined by the image of .
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2. The unicity is a consequence of the previous point. Fix [ a finite extension of k and let us
prove that there exist L an unramified extension with residue field /. Let o be a generator of
[, g its minimal polynomial over k and g a representant of g in Ok [X]. g is still irreducible by
Hensel’s lemma. Let L = K[a] be a rupture field of g. L has degree deg(g) = deg(g) = dimy (1)
over K, and the residue field of L contains the subfield generated by the image of @ which is
isomorphic to / over k (because the minimal polynomial of the image of a is g). This implies
that L has residue field / and is unramified.

3. It follows from the previous statement and the unicity of IF,» for n € N*.

4. We write L = K[a] with a, g, g,a as in the proof of 2. An extension of finite fields is always
Galois, thus g has all its roots in / and they are distinct. Then by Hensel’s lemma, the roots
of g are in L and they are distinct.. This proves that L/K is Galois. The equality between the
Galois groups of L/K and [/k is then classical ramification theory.

|

Ring of integers of a local field

The properties of the ring of integers of a number field F are well-known: O is a free Z-module
of rank dimg(F '), and the units of O form a finitely-generated Z-module of rank r+ s — 1, where
r is the number of embedding of F in R, and s the number of pairs of embeddings of F in
C (Dirichlet’s unit theorem). For p-adic fields, the situation is much simpler, as stated by the
following theorem:

Theorem 1.3 Let L/K be an extension of local fields.
e There exists a € 0y such that L = K|[a| and 01, = Okla]. In particular, &y, is a free
Okx-module of rank dimg (L).
o Assume that K = Q,,. Then the multiplicative group 1+ m; is a Z,-module isomorphic to
Z?m@p t ®Z/p"ZforsomereN. 0 isa Z-module isomorphic to ZZth’” o ®Z/p"Z&
Z/(q— 1)Z where q is the cardinal of the residue field of L.

Proof of the first point. Let o be a generator of [ over k, g the minimal polynomial of & over &,
g € Ok[X] a monic representant of g, a € 0}, the root of g corresponding to & (by Hensel’s lemma).
Also fix 7 a uniformizer of L. Now define b = a if g(a) ¢ m?, and b = a+ & otherwise. In the
second case, we have g(b) = g(a) + mg’(a) + m?c for some ¢ € ¢, with g(a) € m? and g'(a) ¢ my,
(forif g’(a) € my, g’ (o) = 0 and this can’t happen because an extension of finite fields is separable).
We conclude that in both case we have the two following properties : (1) The image of b in [ is a
generator of [ over k. (2) g(b) € m;\m?. The second property means that g(b) is a uniformizer of
L. The two equalities L = K[b] and &} = Ok|b] follow. Since b has a minimal polynomial monic
with coefficients in O, it implies that & is a free Okx-module of rank deg(b) = dimg(L). [

We first have to describe how to make &) into a Z-module. We have the following exact
sequence
0= 1+my — O -1 =0

This sequence admits a natural section, more exactly there is exactly one multiplicative section
I* — O} called the Teichmiiller map . Let us first prove the unicity: since all elements of /*
have g — 1 power equal to 1 (where g is the cardinal of the residue field), ® must have image in the
q — 1 roots of unity in L. By Hensel’s lemma, for each x € [*, there is exactly one ¢ — 1 root of
unity in L of image x in the residue field. Thus @ is unique, and defined this way we see that it is
indeed a multiplicative section.

Now we describe how to make 1 +m, into a Z,-module. We will define x* for x € 1 +m,,
a € Z,. First note the following: write x = 1 + p™y for some m € N*, y € 0, then

X =1+4p" Ny pPze 14 p" oy
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for some z € 0;. By induction, we get that ' el+ POy Tt follows that if a € Z p 1s written

oo
Y a;p', then the sequence of powers of x by the partial sums

i=0
k .
( (vZ aiﬁ))
X \i=0
k

is a Cauchy sequence, and thus converges. It is its limit that is denoted x“.
The proof of point 2 of the theorem is based on the p-adic exponential and logarithm :

By giving an approximation of the p-adic valuation of n! (with Legendre’s formula), one can prove
that exp(x) is well-defined for x € m¥ for k > e(i/%?”) where e(L/Q)) is the ramification index of L
over Q,. We also prove that [n(1 +x) is well-defined for x € m;. We have the usual properties that
the exponential and logarithm are morphisms between the additive and the multiplicative groups

and that their composition is the identity when well-defined.

Proof of the second point. By properties of the exponential and the logarithm, for £ > AL/Qy) e

p—1
have that

In:14+mf - mh
is an isomorphism. Moreover, the quotient group
(1+mg)/(1+mp)
is finite. Indeed, for 7 a uniformizer and i € [1;k — 1], consider the map

. . 1
(I+mi)/(1+mi™) =1, x+ the classofxT

1
Then it is a bijection, thus the cardinal of (1+mg)/(1+m%) is equal to ¢*~ 1.
It follows from those two facts that 1 +m; is a finitely-generated Z,-module. From the
structure theorem of finitely-generated modules over principal ideal domains, 1 4 my is of the form
Zf, ®Z,/p"Z, for some d,r € N. Note that

Lp/p" Ly =1/p"L

Finally, since (1+myz)/(1+m¥) is finite, d is also the rank of 1 +m¥ ~m¥, and m;/m¥ is also
finite, so d is the rank of my, over Z, that is dimg, (L) by point 1. Point 2 of the theorem follows
since

Op=(1+m)@l* ~(14+m)PZ/(g—1)Z
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Profinite groups

Recall that a profinite group G is an inverse limit of a system (G;) of finite groups indexed by a set
1,
G=I1imG;
—

We are interested in the basic properties of these groups because the Galois group of an algebraic
Galois extension L/K is naturally a profinite group

Gal(L/K) :l(iin Gal(M/K)

where M runs through the finite Galois subextensions of L. More generally, the étale fundamental
group, defined later, is always a profinite group.

A profinite group is thus defined as a closed subgroup of the product []G;, and we will always
consider that it is endowed with the restriction of the product topology (where each G; has the
discrete topology). Note that the product and inverse maps are continuous for this topology. As a
corollary of Tychonov’s theorem, any profinite group is compact.

Proposition 1.2 In a profinite group G, the open subgroups are exactly the closed subgroups of
finite index.

Proof. Let H be any subgroup of G. If we choose (g;) representants of G modulo H, then we can
write G as the disjoint union of the g;H. Now suppose H is closed of finite index. Then we get that
G\H is a finite union of closed subsets, thus closed, so H is open. Similarly, we get that if H is
open of finite index, then it is also closed.

To conclude, we only need to prove that any open subgroup H of G is of finite index. Write G
as the disjoint union of the g;H as before. Then the g;H are all open, and as a consequence of the
compacity this union must be finite. This is the desired result. |

We now describe how an abelian profinite group G can be seen as a Z-module. Denote
pi - G — G; the natural projection. First note that we can suppose that the p; are surjective: indeed,
if we replace G; by Im(p;), we have another system of finite groups giving G. In the rest of the
section, we make this assumption. Then G; can be seen as the quotient of G by the kernel of the
projection G — G;, and this kernel is a normal open (because closed of finite index) subgroup of G.
Even if we add the normal open subgroups not appearing in this inverse limit, it doesn’t change the
group:

Proposition 1.3
G= l(iin G/N

where N runs through every open normal subgroup of G.

Proof. Since ker(p;) is an open normal subgroup of G for each i, the natural map G — [ Zn G/N is
injective.

The key point to prove the surjectivity is the following lemma: given N an open subset of G,
there is a finite subset J C [ such that j@/ker( pj) € N. As in the proof of the previous proposition,

write N = N’ NG where N is open in the product []G;. By definition of the product topology, there
is a finite subset J C [ such that
[T, x [IGicN

jer ieN\J

Then this subset J gives the result.
The surjectivity follows. Indeed, let x € lim G/N. Keeping only the coordinates in the open
—

normal subgroups ker(p;), we have an element x’ € lim G; = G. Then let N be any open normal
—
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subgroup N and J given by the previous paragraph. Then x —x' € Ojker( pj), thusx =x"in G/N.
je

Since this is true for any N, x’ € G is an antecedent of x. |

Note that by Proposition 1.2, the quotients G/N are all finite. Then we describe the action
of Z on G as follows: for any N, G/N is naturally a Z/(Card G/N)Z-module ; the actions are
compatible with the morphims G/N — G/N'" and Z/(Card G/N)Z — Z/(Card G/N')Zif N C N',
so they define an action of Z on G.

This action could in fact have been described directly with the G;. The interest of writing
G= lzln G/N before describing the action is that it automatically proves that the action on G is

independent of the G; chosen. Indeed, if
G ~lim G; ~ lim G,
— —

where the isomorphisms are continuous, then (G;) and (G’) are both subsystems of (G/N)y and
the action on both subsystems is simply the restriction of the one on (G/N)y. Thus they define the
same action on G.

It is useful to have the following result in mind:
Proposition 1.4 Z~ T[] Z,

p prime

Proof. This is a consequence of the Chinese remainders theorem

z/inZ~ ] z/p""z
p prime

by passing to the inverse limit on 7 on both sides. |

In a later section, we will consider the the tensor product G ®,, Z, for G an abelian profinite
group and ¢ a prime. Since G and Z, are both abelian profinite groups, this tensor product is
well-defined. Note that the action of Z on Z; can be easily described as the multiplication by the
¢-adic component of an element of Z by the above isomorphism. This tensor product can be seen
as the ¢-adic part of the profinite group G.

Please also note that the above action of Z on O, that we have described in the previous section
in fact corresponds to the natural action defined in this section when &7 is seen as the abelian
profinite group l(iin Op/m}.

Finally, note that a continuous map between abelian profinite groups is Z-linear. All the maps
between profinite groups that will appear are continuous.
In the next section, we will use the following result about closed subgroups of profinite groups:

Proposition 1.5 Let G = lim G; be a profinite group, p; : G — G; the projection, and H a subgroup.
—

Then H is closed if and only if
H =1lim p;(H)
e

Proof. 1f H = lim p;(H), then by Tychonov’s theorem H is compact in G Hausdorff. In particular
—

it is closed.
Conversely, suppose that H is closed. The projections give an inclusion

H C lim p;(H)
«—

We need to prove that it is surjective: suppose that we have a family (y;) of elements, with y; € G;
and for each i, some element x; € H such that y; = p;(x;). G is compact so there is a subsequence
of the (x;) that converges, and since H is closed the limit x of this subsequence will be in H. Then x
is sent by the projections to (y;). [
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Infinite Galois theory

Theorem 1.4 — Infinite Galois Correspondence. Let L/K be a Galois extension of fields.
Then we have inverse bijections between the closed subgroups of Gal(L/K) and the subex-
tensions of L/K given by: H — Fixy(L) ={x€ L |Vo € H, o(x) =x} and M — Gal(L/M).
Moreover, the open subgroups correspond exactly to the finite subextensions and the normal
closed subgroups correspond exactly to the Galois subextensions. If H is a normal closed subroup
of Gal(L/K), then Gal(Fixy(L)/K) = Gal(L/K)/H.

Proof. Let M /K be a finite subextension of L/K. Denote by M its Galois closure. Then Gal(L/M)
is the inverse image by the projection Gal(L/K) — Gal(M/K) of the subgroup of elements fixing
M. Thus Gal(L/M) is both open and closed. If N/K is any subextension of L/K, then Gal(L/N)
is the intersection of Gal(L/M) over the finite subextensions M /K of N/K. Therefore it is closed
as an intersection of closed sets. The maps in the statement are well-defined.

We need to check that the two maps defined in the statement are inverse to each other. The
equality Fixgr/m) (L) = M for a subextension M /K is proven as for the finite Galois correspon-
dence: if oo € L\M, then we can define a field morphism M[c] — L not fixing & by sending it to
one of its conjugates, and then extend this morphism to L using Zorn’s lemma.

Next, we consider the equality Gal(L/Fixy (L)) = H for H a closed subgroup of Gal(L/K).
We assume that the result is known when M/K is a finite Galois extension (Artin’s lemma). By
Proposition 1.5, we can write

Gal(L/Fixy (L)) = lim Gal (M /Fixp, (M)
H = lim Hy
F

where M runs through the finite Galois subextensions of L/K, and H), is the image of H by the
projection Gal(L/K) — Gal(M/K). Then the result follows from Artin’s lemma.

We then consider the "moreover" sentence in the statement. We saw in the first paragraph that
for M /K a finite extension, Gal(L/M) is open. Conversely, suppose H is open and let us prove that
Fixy (L) is a finite extension of K. By Proposition 1.2, H has finite index. Suppose that Fixy (L) is
an infinite extension of K. Then for any n € N*, there is a finite Galois subextension N of Fixy (L)
of degree at least n. For each element of Gal(N/K), we can extend it to L. This will give a family
of elements of Gal(L/K) that are distinct in the quotient set Gal(L/K)/H. Thus the index of H is
greater or equal to n, and that for any n € N*. We obtain a contradiction.

Suppose that H is a normal subgroup of Gal(L/K) and let us check that Fixy (L) /K is a Galois
extension. We need to prove that for 6 € Gal(L/K), 6(Fixy(L)) = Fixg(L). If x € Fixy (L), then
for any T € H, there is 7’ in H such that 7o (x) = 67/ (x) = o (x). Thus 6(x) € Fixy(L). It is also
true for 6! so we get the desired equality. Now suppose that M /K is a Galois subextension of
L/K. Then for any 6 € Gal(L/K), T € Gal(L/M), x € M, we have 6(x) € M so 6~ 't0(x) =
0~ 'o(x) = x. This proves that 6~ 'Gal(L/M)o C Gal(L/M) and so that Gal(L/M) is a normal
subgroup of Gal(L/K). The last statement of the theorem is a consequence of the equality
Gal(L/Fixy(L)) = H. [



2. Anabelian geometry for local fields

The natural starting point for anabalian geometry is Neukirch’s theorem (1969), which states that if
two number fields have isomorphic absolute Galois groups, then they are isomorphic as fields. I
say that this is the natural starting point because number fields are more concrete than local fields,
that Galois theory is older and more well-known than scheme theory, and because this theorem
is often called the first result in anabelian geometry. However, the proof of Neukirch’s theorem,
whose skeleton is exposed in Appendix D.1, needs some basic results from anabelian geometry
of local fields (points 1 and 2 in Theorem 2.2 below). In fact, one could argue that the starting
point of anabelian geometry is class field theory, developed in the previous decades. The distinction
between class field theory and anabelian geometry for fields is thin: essentially, it is a difference in
the point of view - in class field theory, we start from a field and we want to understand the structure
of its absolute Galois group in terms of the structure of the field; in anabelian geometry for fields,
we start from the absolute Galois group, and we want to reconstruct information on the field in
a manner that is preserved by group isomorphisms. But this difference of point of view doesn’t
prevent the methods and results used to be similar, in particular group cohomology (though this is
not developed here). Over local fields, anabelian geometry is deduced from local class field theory,
as we will explain below. For global fields however, the proof of Neukirch’s theorem doesn’t use
the main results of global class field theory, with the exception of a local-global principle for the
second cohomology groups used in his characterization of decomposition subgroups. The other
tools of the global theory of anabelian geometry are Chebatorev’s density theorem and the local
theory - in the same manner that global class field theory is deduced from local class field theory.

Before continuing on the subject of anabelian geometry for local fields, we would like to
explain in greater generality what is anabelian geometry and where does it comes from. The term
"anabelian geometry" comes from Alexandre Grothendieck’s "Esquisse d’un programme" ("Sketch
of a program", 1984). Grothendieck insists on the enormous quantity of information contained in
the non-commutative (or anabelian) part of a group, which is set aside by traditional algebra. He
writes:

"anabelian algebraic geometry", whose starting point is a study (for the moment limited
to characteristic zero) of the actions of "absolute" Galois groups (mainly Gal(K/K)
for K a finitely-generated extension of the prime field) on (profinite) geometric funda-
mental groups of algebraic varieties (defined over K), and in particular (going against
a deep-rooted tradition) fundamental groupes that are very far from abelian groups
(and that I name for this reason "anabelian")

(...)

It is also during this work (as well as in distinct notes) that appears the main theme
of anabelian algebraic geometry, which is to reconstruct some varieties X called
"anabelians" on an absolute field K from their mixed fundamental group, extension of
Gal(K/K) by m (Xg):

()

the isomorphism class of an anabelian algebraic curve on a number field K (finite
extension of Q) is known when its mixed fundamental group is given (or, which amonts
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to the same, the outer action of Gal(K/K) on its profinite geometric fundamental
group)

Note that the last quote is a conjecture that Grothendieck is making, often called "Grothendieck’s
conjecture on anabelian geometry", and proven by the Japanese school of algebraic geometry in
1996. The original view of anabelian geometry by Grothendieck has been twisted by modern
mathematics, and anabelian geometry is now usually stated as:

What information on a scheme X can be retrieved from its étale fundamental group
T (X ) ?

In particular, we see that the "anabelian" property is not considered so critical as Grothendieck
did, but the name stayed nevertheless. In the case of a field K, we have 7 (K) = Gal(K /K) where,
as in all of the document, K is a separable closure of K (which the reader should think of as the
maximal Galois extension of K). For a field, the anabelian geometry can therefore be summarized
as:

What information on a field K can be retrieved from its absolute Galois group
Gal(K/K)?

We now start to answer this question in the case of a local field. As a consequence of Theorem
1.2, there is exactly one maximal unramified extension of a local field K

Kunram = U Kn
neN*

and K,nqm/K is a Galois extension of Galois group isomorphic to 7. The Frobenius element is
defined to be the element of the Galois group corresponding to 1 € Z.

Theorem 2.1 — Local Class Field Theory. Let K be a local field. We set 7 a uniformizer and
f = nX 4+ X9 where ¢ is the cardinal of the residual field. Then:

e There exists one and only one F; € Ox[X,Y] satisfying the following properties : (1)
Fr(X,0) =X and F;(0,Y) =Y. In particular, F; has no constant term and thus define a
law m%( — mg. (2) This law is associative and commutative. (3) f is an endomorphism
for the law Fp, that is f(Fr(X,Y)) = Fx(f(X), f(Y)). Fy is called the Lubin-Tate formal
group law associated to 7.

e For each a € Uk, there exists one and only one [a]; € Ok[X] satisfying the following
properties : (1) [a]r is equal to aX modulo the polynomials of degree at least two. In
particular, [a], defines a function mg — mg. (2) [a] is an endomorphism for the law Fy.

e (Existence theorem) Fy and [a]; for a € Ok define maps on mg where K is a separable
closure of K. We set

Kz = U K(ker([n"]|z))
neN

where [7"] is seen as a map on myg. Finally, we also set
Kap = KnKunram

The extension K, is independant of the choice of the uniformizer 7 and is the only
maximal abelian extension of K. The map L+ Ny k(L) is a bijection from the finite
abelian extensions of K (i.e. the finite subextensions of K,;/K) onto the open subgroups
of K* of finite index.

e There are non canonical isomorphisms

Gal(K/K)* ~ Gal(K,p/K) ~ Gal(Kz/K) X Gal(Kypram /K) =~ OF x 7.
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o (Local reciprocity) For each finite Galois extension L of K, there exists a natural isomor-

phism
Ok : Gal(L/K)™ — K> /Ny k(L")

The maps @y /x : K* — Gal(L/K )%> obtained by precomposing GL_/IK by the projections
commute with the restrictions. Thus we can define a map g, /x : K* — Gal(Kup/K).
This map is characterized by the two following properties : (1) @k, /x(7) acts trivially
on K and acts like the Frobenius on Kynam. (2) For a € Oy, wx,, /k(a) acts like [a]z
on Ky and acts trivially on Kyam. As a consequence, the map ok, /K induces a natural
isomorphism between & and the image of the inertia subgroup I C Gal(K/K) in the
abelianization.

Proof. Admitted. |

Theorem 2.2 Let p, p’ be two primes numbers, K a finite extension of Q D> K’ a finite extension
of Q. We denote by k, k' their respective residue fields, and by Ok, Ok their respective rings
of integers. We suppose that there is an isomorphism f : Gal(K/K) — Gal(K'/K"). Then:

e p=p' and K and K’ have the same dimension over Q.

e f induces an isomorphism k* — k"*. Thus k and k' have the same dimension over I, and
K and K’ have the same ramification index.

e f induces an isomorphism between the inertia subgroups I and I’. Moreover, the iso-
morphism Gal(K/K)/I — Gal(K'/K")/I' sends the Frobenius element to the Frobenius
element.

e f induces an isomorphism K™ — K’* preserving the rings of integers.

Proof. We denote G = Gal(K/K), G' = Gal(K'/K").
e Let ¢ be a prime number. Since Z, is a principal ideal domain, we can compute the rank of

the Z¢-module G* ®4 Zyg. By Theorem 2.1, point 4, we have a non canonical isomorphism

G ~ 0% x 7 and by Theorem 1.3, O ~ Ziim@”(m BL/p"ZBL](q—1)Z where q is the

cardinal of the residue field and » € N. Thus

(K)

p
rkg, (G @4 Zy) = 1+ rkg, (Z, " ® L)

Now note the following: if £ # p, then Z, ®,, Z; = 0 because for any a € Z,, b € Z,
a®b=1®ab

and the multiplication ab in Z = [] Zg is zero. Thus we get that this rank is equal to 1 if
q prime

¢ # p,and 1 +dimq,(K) if { = p. p is therefore characterized as the only prime for which
this rank is at least 2, and the dimension over @, is computed by substracting 1 to this rank.
e According to Theorem 2.1, point 5 and point 3, there is a natural isomorphism

G ~K* = lim K* /Npjx (L) = lim K* /S

where L runs through the abelian extensions of K and S runs through the open subgroups of
K* of finite index. Using this map and the Teichmiiller character @ : k* — O, we get a
morphism

kX — (Gab),or7gp

where have defined (G*),y,2, = {x € G* | x* =1 for some n € N* prime to p}. We
will prove that this morphism is in fact an isomorphism. First, we need to check that the
map K* — K* is injective. This is because if we fix a uniformizer 7, then K* ~ O¢ x Z
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and K* ~ O¢ x 7 (Theorem 2.1, points 4 and 5), and the map K* — K* corresponds
to the identity on €f and the inclusion Z — 7. Thus we have an injective morphism
k> — (G tor+p and to conclude we only need to prove that both sides have same cardinality.
This is a consequence of Theorem 1.3 and Theorem 2.1, point 4, that is the non canonical
isomorphisms

o ~ 70" @7 LS L) (g— 1)Z and G ~ 6% x 2

where ¢ is the cardinal of the residue field and » € N.

e WEe first prove that we have the equality I = Gal(K /Knam)- If 6 € I, then for any n € N*,
by definition, it acts trivially on the residue field k,, of the unramified extension K, of K of
degree n. Now Gal(K,/K) ~ Gal(k,/k) so o is the identity of K,,. Thus o is the identity of
Kunram, that is o € Gal (K / Kynram)-

Now suppose 6 € Gal(K /Kyuram)- Let L be a finite Galois extension of K and I, the inertia
subgroup of L/K. We set M = Fixj, (L). Then by Artin’s lemma Gal(L/M) ~ I, and since
the map Gal(L/M) — Gal(l/m) is surjective and, by definition of I, of image {1}, the
extension L/M has ramification index equal to its degree. Therefore

e(L/K) e(L/K) e(L/K) _e(L/K)

e(M/K) = e(L/M) ~ degy(L)  Card Gal(L/M)  Card I,

M /K is an unramified extension so o is the identity of M. Thus o € Gal(L/M) ~ I, and
since this is true for any L we conclude that ¢ € I.
From the above discussion, we have the equalities

I = Gal(K /Kupram) = ﬂN Gal(K/K,)
neN*

Thus to prove that f(I) = I', it is sufficient to see that f sends Gal(K/K,) to Gal(K'/K},). Tt
is a consequence of the previous points (the ramification index and the dimension over Q,
are preserved) and the equality

e(Kn/K) _ e(Kn/Qp)

e(K/Qp)
The proof that f preserves the Frobenius needs many more preliminaries about the structure
of an extension of local fields. It is defered to Appendix B.

e We proved in the previous point that f induces an isomorphism between the inertia subgroups.
By Theorem 2.1, point 5, the image of the inertia subgroup in the abelianization of the absolute
Galois group is naturally isomorphic to the ring of integers. Thus we get an isomorphism
between the rings of integers.

Finally, f also naturally induces an isomorphism between K* and K’*. To see that K* is
sent to K’* by this isomorphism, it is sufficient to see that this morphism preserves the rings
of integers (which we have just justified) and that the quotient map Z — Z sends Z to Z. This
last point is a consequence of the fact that f sends the Frobenius to the Frobenius (i.e. sends
1to ).

|

The previous theorem doesn’t state that K and K’ are isomorphic as fields, and for a good
reason: contrary to number fields, this result is not true for local fields. Anabelian geometers say
that "local fields are not anabelian” while "number fields are anabelian". It is not so easy to produce
a counterexample for local fields though. A reference for this is given in S. Mochizuki, A Version of
the Grothendieck Conjecture for p-adic Local Fields, https://www.kurims.kyoto-u.ac.jp/


https://www.kurims.kyoto-u.ac.jp/~motizuki/A%20Version%20of%20the%20Grothendieck%20Conjecture%20for%20p-adic%20Local%20Fields.pdf
https://www.kurims.kyoto-u.ac.jp/~motizuki/A%20Version%20of%20the%20Grothendieck%20Conjecture%20for%20p-adic%20Local%20Fields.pdf
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“motizuki/A%20Version’200f%20the’20Grothendieck’20Conjecture’20for,20p-adicy
20Local%20Fields.pdf. In the same article, Mochizuki also gives a necessary and sufficient
for an isomorphism between the absolute Galois groups to come from a field isomorphism: the
preservation of the filtration in the upper numbering (which is not defined here).


https://www.kurims.kyoto-u.ac.jp/~motizuki/A%20Version%20of%20the%20Grothendieck%20Conjecture%20for%20p-adic%20Local%20Fields.pdf
https://www.kurims.kyoto-u.ac.jp/~motizuki/A%20Version%20of%20the%20Grothendieck%20Conjecture%20for%20p-adic%20Local%20Fields.pdf
https://www.kurims.kyoto-u.ac.jp/~motizuki/A%20Version%20of%20the%20Grothendieck%20Conjecture%20for%20p-adic%20Local%20Fields.pdf
https://www.kurims.kyoto-u.ac.jp/~motizuki/A%20Version%20of%20the%20Grothendieck%20Conjecture%20for%20p-adic%20Local%20Fields.pdf




3.1

3. Anabelian geometry for curves

Schemes and the étale fundamental group

The goal of this section is to introduce the étale fundamental group, which is necessary to generalize
the theory of anabelian geometry from fields as in the previous section to geometric objects on
any ring. As of today, important results have only been proved for curves over a field and so we
will use this case as the basis of our intuition. The étale fundamental group is a part of scheme
theory introduced by Grothendieck in the 1960s, and so we will have to talk about schemes and
their properties in this section. However, since our goal is only to study curves, we will try to
avoid technicalities: for example, we will describe roughly what is a scheme but without giving the
precise definition. We will also admit all the results from algebraic geometry that we are using.

Classic algebraic geometry is the study of the set of common zeroes in an affine or projective
space of some family of polynomials over an algebraically closed field K. One of the first theorem
of this subject is Hilbert’s Nullstellensatz which asserts that there is an equivalence of categories
between algebraic sets and polynomials morphisms on one side, and reduced finitely-generated
K-algebras and morphisms of K-algebras on the other. The points of the algebraic set are in 1-1
correspondence with the maximal ideals of the corresponding K-algebra, and the other prime ideals
can be interpreted as irreducible components of the algebraic set. This correspondence is useful in
both directions: it allows to solve geometric problems by translating it in the algebraic langage, and
it allows to visualize some algebraic properties (Krull dimension, integral domain, flatness, local
ring, etc).

The startig point for modern algebraic geometry is the following question: why do we confine
ourselves to reduced finitely-generated algebras over an algebraically closed field? One answer
to that question could be that maximal ideals are not functiorial: the inverse image of a maximal
ideal by a ring morphism may not be a maximal ideal. For finitely-generated algebras over an
algebraically closed field, this is true (it is consequence of Zariski’s lemma). In geometrical
terms, this means that a point is sent to a point, and this is what allows us to identify morphisms
between varieties with algebra morphisms. In we want to extend the theory, the first step is to
replace maximal ideals with prime ideals. Grothendieck’s scheme theory basically says that when
working with prime ideals, the ideas of algebraic geometry can be extended to any ring - even if the
vizualization becomes difficult. In fact, Grothendieck is even a bit more general. He first defines
an affine scheme which is the spectrum of a ring R (the set of its prime ideals) endowed with the
Zariski topology and a sheaf of functions in a sense. For integral rings, the sheaf of functions
corresponds simply to the fraction field K: for an element € K with a,b € R, and for any prime (=
point) p in R not containing b, we can evaluate ; at p by taking its image in the fraction field of the
quotient R/p. If for any representation of § as a fraction of elements of R the denominator is in p,
then we can’t evaluate 7 at p and we say that 7 has a pole at the prime (= point) p. For non-integral
rings, functions are defined to be locally quotients of elements of the ring, but we will not give
more details. Once an affine scheme is defined, a general scheme is defined to be a topological
space with a sheaf of functions that is locally isomorphic to an affine scheme. The advantages of
Grothendieck’s scheme theory are (at least) fourfold:

e considering scheme instead of simply affine schemes allows us to speak with a common
language of both affine and projective geometry ;
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o the flexibility of the definition makes it possible to glue schemes, to do product of schemes,
etc ;

¢ by dropping the assumption that the base ring is an algebraically closed field, we can consider
problems of an arithmetic nature, as we are interested in ourselves ;

¢ this common arithmetico-geometric langage gives a new perspective to study arithmetic
problems, by looking at the action of (arithmetic) Galois groups on (geometric) cohomology
groups.

As stated at the beginning, we will not dive too much into the details of those points. It is

however important to have in mind the two types of schemes we will work with:

¢ afield K can be seen as a scheme with only one point and field of functions K ;

e acurve can be seen as a scheme if we add to it the only prime ideals that is not maximal: the
zero ideal, also called the generic point. It is the affine scheme of its ring of coordinates.

Poincaré defined the fundamental group for topological spaces at the very beginning of the
twentieth century. This group can be seen in two ways: either has the group of loops in the
space modulo deformation, or as the automorphism group of the fiber of the universal covering.
Grothendieck generalized the second construction to a scheme. He defined the notion of an étale
covering of X which is a smooth unramified morphism f : ¥ — X for some scheme Y. It is not so
simple as one could think, because the notion of smoothness can not be generalized easily - one
must consider flatness, which is a difficult property to vizualize. In this theory, there is no scheme
playing the role universal étale covering, but we can still define the universal étale covering of X as
the inverse system of the finite étale coverings of X. Then the étale fundamental group is defined in
the same way as for the topological case: it is the automorphism group of the fiber above a point.

We have stated that we do not want to deep too much into technical details, but we don’t want
oversimplified explanations neither. The previous paragraph was a bit oversimplified. We will give
some more precisions and introduce useful notions at the same time. Let us first describe what a
base change is. In classical algebraic geometry, it corresponds to searching for solutions of the
polynomial equation in a field extension - and this is what one needs in mind for the cases we are
interested in. For an affine scheme Spec(B) for some ring B over another ring A, and C another ring
above A, the base change to C is Spec(B®4 C). The general case then comes by gluing together
such affine schemes of tensor products. What we are particularly interested in is that from a scheme
X over a field K, we can consider the base change to K which we will denote Xz. For a scheme X
over a field K, the étale fundamental group is defined for a point X € Xz and denoted ﬂf‘ (X,X), and
for f: Y — X a finite étale covering, what we called the fiber above a point is in fact Homy (x,Y)
- that is the morphisms ¢ from the scheme X to the scheme Y such that f o ¢(X) is the image of
X in X. However, the étale fundamental group is independent of the choice of the point X up to
non-canonical isomorphism, so we will not pay much attention to this.

Even if we didn’t define the étale fundamental group correctly, what is important to know is
that an analogous result to the infinite Galois correspondence holds: closed subgroups of the étale
fundamental group correspond to étale coverings, open subgroups to finite étale coverings, and
normal subgroups to Galois coverings. We will mainly use this property.

The following result is fundamental to understand the next section:

Theorem 3.1 — Grothendieck SGAI1. Let K be a field, X a quasi-compact quand quasi-
separated scheme over K such that Xz is connected. Then there is a short exact sequence of
profinite groups

1 = 7'(Xg) = 1$(X) = Gal(K/K) — 1

Proof. See Grothendieck, SGA1, Exposé IX, Théoreme 6.1. |

The first group that appears in theorem - nft (X%) - is called the geometric fundamental group.
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The idea behind this name is that no matter over which algebraically closed field we look at a
variety, the étale fundamental group should always have the same properties. Thus this part can be
computed by considering the variety over C, where the toplogical fundamental group has already
been defined and studied. Precise comparison theorems between the geometric and topological
fundamental groups are given after some more comments on the theorem.

The previous theorem allows us to see the étale fundamental group nf‘(X ) as the data of
the absolute Galois group of K, the geometric fundamental group of X and a group morphism
Gal(K/K) — Out(n{'(X%)). Here Out(G) denotes the outer automorphims of the group G, that is
the quotient of the automorphims group by the subgroup of the inner automorphims. The morphism
is defined in the following way: take an element x € Gal(K/K), alift y € n'(X) of x. As a corollary
of the theorem, the geometric fundamantal group is a normal subgroup of its étale fundamental
group so y defines by conjugation an automorphism of nf‘ (Xg). Now if y' is another lift of x, then y
and y' differ by multiplication by an element of nft (X%) so the automorphisms defined differ by
composition by an inner automorphism. Therefore the image in the outer automorphisms group
depends only on x, and this give the desired morphism. Once this result is known, the missing part
to use this theory is to determine the geometric fundamental group. Grothendieck also considered
this question, and proved important theorems, notably:

Theorem 3.2 — Grothendieck SGA1. Let K be a field of characteristic 0, X a proper scheme
over K. Then the geometric fundamental group of K is naturally isomorphic to the profinite
completion of the topological fundamental group of X seen as a complex manifold.

Proof. See Grothendieck, SGA1, Exposé XII, Corollaire 5.2. |

This theorem is not sufficient in our case because we also want to consider curves with punctured
points. However, Raynaud proved that the theorem still holds in this case:

Theorem 3.3 — Raynaud SGA1. The previous theorem also holds if X is an open subset of a
proper nonsingular curve over a field of characteristic 0 obtained by puncturing a finite number
of points.

Proof. See Grothendieck, SGA1, Exposé XIII, Corollaire 2.12. |

Then to compute the geometric fundamental group, we only have to know the topological
fundamental group. In the case we are interested in, this can be done using Van Kampen’s
theorem.

Theorem 3.4 The topological fundamental group of the curve over C of genus g with r punctured
points is generated by 2g + r elements satisfying one relation. More precisely, it is

<0, By O, Bes Vi - ¥ | [0, Br [ Bel i e =1 >

Anabelian geometry for hyperbolic curves over local fields

Theorem 3.5 Let p, p’ be two primes numbers, K a finite extension of Q D> K’ a finite extension
of Q. Let X and X’ be hyperbolic curves of genus g and g’ with r and 7 punctured points over
K and K’ respectively. Let IT and IT' denote the arithmetical fundamental group of X and X’
respectively, and A and A’ their geometric fundamental groups respectively. Let f : IT — IT be
an isomorphism of fundamental groups. Then:

e f(A) =A’. As a consequence, K and K’ have isomorphic absolute Galois groups and

Theorem 2.2 can be applied.
e X is affine if and only if X' is affine.
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‘ e g=g andr="r.

Proof. e Let A be an open subgroup of I, B=ANA, C = A/B. First note that A C A if and
only if [IT: A] = [Gal(K/K) : C]. Indeed, since A is open, the indexes of A, B, C in I, A,
Gal(K /K) respectively are finite and we have the equality

[IT1:A] =[A: B][Gal(K/K) : C]
Thus we have
ACA < B=A

< [A:B]=1
< [[1:A] =[Gal(K/K) : C]

Therefore we have an inclusion
ACNA
A

where the intersection is on the open subgroups A satisfying the above equality of indexes.
This inclusion is in fact an equality: indeed, let x € IT which is not in the image of A. Then
the image o of x in Gal(K/K) is non-trivial. Consider @ € K such that o(c) # o and A the
inverse image of Gal(K/K[a]) in I1. Then A is an open subgroup, satifies the equality of
indexes (because A C A) and doesn’t contain x. This proves the desired equality.

Now we must prove that the condition [I1: A] = [Gal(K/K) : C] can be expressed only in
term of A (C has been defined using A, but here we want to characterize A). We will prove
that we have the following equality:

(Gal(K/K) : C][K : Qp) = rkz, (A @, Z,) — rkz, (A @, Z)

for ¢ # p a prime. To prove this, let L be the finite extension of K defined by C. We first
write the following equalities:

[L:Qp] =[L:K][K: Q)] =[Gal(K/K) : C|[K : Q)]

By the computations in the proof of point 1 of Theorem 2.2, which follow from local class
field thoery, we have:

[L:Qy] = rkz, (C ®4 L) — 1k, (C ®5 Zy)
Moreover, we have the following exact sequence:
1-B—A% 5% 1

where B is the image of B in the abelianization of A. Z, and Z, are flat Z-modules, thus:
rhz, (C* @3 Lp) = rkz, (A ©3 L) — rke, (B ©, Z,)

I”kZ{, (Cab ®Z Zg) = I”kzk (Aab ®Z Zg) — I’kZé (Eab ®Z Zg)

Claim: B/B,sion is a free Z-module of finite rank.
We admit this claim for now. Then we have:

rkzp (Eab Kz Zp) = rkZ[ (Eah Xz ZZ)

and by replacing the two previous equalities of ranks in the formula for [L: Q,], we obtain
the desired equality.
With this, we can prove three things:
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L p=p
2. [K:Q,=[K":Qp]
3. For A an open subgroup of IT satisfying

IT: A][K : Qp) = rkg, (A @3, Zp) — rkz, (A @, Zy)
A’ = f(A) is an open subgroup of IT satisfying
I A'J[K" : Q) = rkg, (A" @4 Zy) — rkz, (A® @5 Z0)

In fact, the third point is a direct consequence of points 1 and 2, and by the two previous
paragraphs this third point implies that f(A) = A’

Using as in the previous paragraph the computations in the proof of Theorem 2.2, point 1,
and the fact that the image of A in the abelianization of IT, when quotiented by its torsion
part, is a free Z-module, we see that p is characterized as the only prime for which

rkz, (1 @y, Z.,) — rkz, (1" @, Z)

for any other prime ¢. This condition is preserved by f so it proves the first point. Moreover,
it value gives [K : Q] so we have also proved the second point.
The proof of the clam is the topic of Appendix C.1. We only sketch the proof.

e We will prove that we can detect if X is affine by looking purely at its geometric fundamental
group A, which can be recovered by the previous point. First note that X affine is equivalent
to r > 0. Indeed, a complete curve is not affine but it becomes affine if we puncture at least
one point. Next note that if » > 0, then A is simply the free profinite group generated by
2g +r— 1 generators (we can express ¥, with the other generators). If = 0, it "appears" that
A is not a free profinite group and this is how we will detect that X is affine. To make this
argument precise, we need to use group cohomology (see Appendix A). By the last theorem
of Appendix A and the above remark, if X is affine then H*(A, M) = 0 for any abelian group
M where the action of A on M is trivial. Now suppose X is not affine, then there is an exact
sequence

1-H—-F—=>A—1

where F is the free profinite group with 2¢ generators ¢, 1, ..., 0, Bg and H is the profinite
subgroup generated by [0, B1]...[0, Be]. Thus in the long exact sequence of cohomology
we get

H'(F,M) % H'(H,M) — H*(A,M) — H*(F,M)

By the last theorem of Appendix A, H'(H,M) = M and H*(F,M) = 0. We want to prove
that H>(A,M) = H'(H,M) = M. It is sufficient to prove that u is the zero map. To that end,
we use the explicit description of group cohomology. Take f : F — M a 1-cocycle, that is
continuous and satisfying

Vg1,82 € F, f(g182) = &1.f(g2) + f(g1)

But here, since the action is trivial, this condition exactly means that f is a group morphism.
Since M is an abelian group, f vanishes on the communators. H is topologically generated
by products of commutators (this is where we use that r = 0) so u(f) = 0. Therefore we did
prove that for X not affine, H%(A, M) # 0 for M # 0.

e Here g and r can not be retrieved solely by looking at the geometric fundamental group.
Indeed, if r,”’ >0 and 2g+r =2g'+7/, then A and A’ are both free profinite groups generated
by 2g+r—1=2¢g +r —1 elements. However, we can, by the previous point, detect if
r=0orr>0. If >0, then for M a finite abelian group, H' (A, M) is finite of cardinal
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(Card M)?¢*"=1, Thus we can recover the value 2g +r — 1. If r = 0, then considering the
same exact long sequence of cohomology as before, we have

HY(F,M) — H°(H,M) — H' (A\M) — H' (F,M) % H'(H,M)

and we have justified that u is the zero map. We also have H(F,M) = H’(H,M) = M and
the map between them in the exact sequence is an isomorphism, and H' (F, M) = M?¢. Then
the map H'(A,M) — H'(F,M) is an isomorphic, and thus for M finite, by taking the cardinal
we can recover 2g. Therefore if r = 0, g can be recovered geometrically.

The recovering of the number of punctured points and the genus in the affine case are
conducted in Appendix C.2. This is without a doubt the most technical part of this report,

and we use many results without proof.
[



A. Group cohomology

Group cohomology is an important tool for proving the results of local class field theory. This
Appendix A was supposed to define group cohomology and the Tate cohomology groups and then
prove the important results of the domain used in local class field thoery, mainly Tate-Nakayama
theorem. It should have been followed by an Appendix B using these results to prove local class
field theory. However, due to a lack of time, these two Appendix never came to be and the results
of local class field theory are admitted. Group cohomology, though, is still used in chapter 3, to
detect properties of a curve from its geometric fundamental group. That is why this Appendix A
still exists, but is concerned only with defining group cohomology, stating its basic properties and
proving the theorem about the cohomology of free groups that we need.

We fix G a profinite group. In the following, we will say G-module for Z[G]-module. Z|G]
can be thought as the group G endowed with a formal addition. We consider the category of G-
modules where the maps between two G-modules are continous and linear. We want to construct a
cohomology theory consisting of G-modules H!(G, M), for any i € N and M a G-module, satisfying
the following property: for any exact sequence of G-modules

0—-M —-M—-M"—0
we have a functorial long exact sequence of G-modules in cohomology
..~ H"YG,M") = H(G,M) = H(G,M)— H(GM") - H" (GM) — ...

with H(G,M") = H'(G,M) =H!(G,M") = 0fori < 0and H*(G,M") = Homg(Z,M'), H*(G,M) =
Homg(Z,M), H*(G,M") = Homg(Z,M").

There are two possible ways to construct such a cohomology theory. The first way can be
achieved if we have the following result: for any G-module M, there exists an injection of M into a
G-module 7 such that the functor Homg(.,I) is exact (such a module is called injective). Take as an
axiom that the cohomology of an injective module is zero for i > 0. For any module M, we have an
exact sequence

0O=-M—=1I—-N—0

for some modules I, N, with [ injective. Then the long exact sequence, plus the above axiom,
give us that H'(G,M) = Homg(Z,N)/Im(Homg(Z,I)) and H ' (G,M) = H'(G,N) for i > 0.
We can repeat the process by taking an injection of N into an injective modulo to compute
H'(G,N) = H*(G,M), and so on. In a more concise way, we are showing that the cohomology can
be computed in the following way: take a long exact sequence

O—-M—->5L—>5L—5L—..
with /; injective for any i € N. Then the cohomology of G at M is the homology of the complex
0— Hom(;(Z,Io) — Homc;(Z,Il) — Hom(;(Z,Iz) — ...

Now let us describe the other way of constructing such a cohomology theory. In the previous
paragraph, we considered an injective resolution of M and then applied Homg(Z,.). We can use
the dual construction: we consider a projective resolution of Z by Z[G]-modules, and then apply the
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functor Homg(.,M). The fact that those two constructions satisfy the long exact sequence property
is a consequence of the snake lemma. From the definition of injective and projective modules, it is
also possible to prove that in both cases the cohomology is independent of the resolution chosen
(up to isomorphism).

The first construction is often taken as a definition of group cohomology, while the second
has the advantage of being easier to compute. Indeed, it is possible to give a concrete example
of projective resolution of Z and thus an explicit formula for the cohomology, as stated by the
theorem below. From this explicit formula, it is possible to prove that injective modules have zero
cohomology and therefore that the two definitions coincide.

Theorem A.1 Let G be a profinite group, M a G-module. The cohomology of G at M is the
homology of the complex
0 1 2
0-KLK LKL
where K’ is the G-modules of the continuous functions G' — M, and for f € K, g1,...,g8i+1 € G,

i

d'(f)(g1,-8i+1) = 81-F (82, -, 8it1) Z 1)/ £(g1,-,858j+15--8i+1) (=1 £ (g1, -..,8i)

We use the following theorem for the proof of Theorem 3.5:

Theorem A.2 Let F be the free group with n generators and M a group considered as a G-module
with trivial action. Then:

M ifg=0
HIF,M)=| M" ifg=1
0 ifg=22

Proof. Since the action of F on M is trivial, H*(F,M) = Fixp(M) = M. Using the explicit descrip-
tion of the cohomology groups, we also see that the group H'(F, M) corresponds to continuous
linear morphims F' — M. Since F is topologically generated by n elements, the data of such a
morphim is equivalent to the data of the images of the n elements. Therefore H'(F,M) = M".

To prove that the cohomology is zero for g > 2, we consider the exact sequence

0—-K—Z[F|—-Z—0

where the map Z[F| — Z sends any element of F to 1, and K is the kernel of map. Denote by
g1,-..,8n generators of F. We will prove that K is a free Z[F| module of rank n — 1. In particular
the above exact sequence is a projective resolution of Z, and so we can compute the cohomology
from this resolution. Since this resolution has only two non-zero modules, this gives the desired
result.

First note that K is a free Z-module with basis g — 1 for g € F\{0}. We have either g = hg; or
g=hg; ! for some 4 € F which is shorter than g when written in terms of the g1, ..., g,, and some
index i. In the first case, write

g—1=h(g—1)+(h—1)

In the second case, write
g—1=—glgi—1)+(h—1)

By iterating the process on h, we see that g — 1 can be written as a sum of terms of the form
g'(gi—1) for g’ € F, i€ [1;n]. The two relations above can be inverted to prove the converse: any
element of the form g’(g; — 1) can be written as a sum of terms of the form g — 1 for g € F. Thus
g(g;i— 1) is another Z-basis of K. It follows that g; — 1 is a Z[F]-basis of K, and this is the desired
result. |



B. Totally tamely ramified extensions and the

Frobenius

The goal of this Appendix is to prove that the Frobenius of Gal(K/K) /I is preserved by a continuous
isomorphism between the absolute Galois groups of two p-adic local fields, as stated in Theorem
2.2, point 3. To that end, we characterize the Frobenius by its action on //P where P is the wild
inertia subgroup. We first define totally ramified extensions and tamely ramified extensions and
prove some of their properties; then we define the wild inertia subgroup, link this notion to the
previous ones to further understand the structure of the absolute Galois group of a local field, and
describe the action of the Frobenius on the quotient //P; finally, we prove that an isomorphism
between absolute Galois groups preserve the wild inertia subgroup and this action.

Definition B.1 Let L/K be a finite extension of local fields. This extension is called totally
ramified if its ramification index is equal to its degree.

Proposition B.1 Let L/K be a finite extension of local fields. Then there exists a subextension
M /K such that M /K is unramified and L/M is totally ramified.

Proof. Consider L the Galois closure of L and I C Gal(L/K) the the inertia subgroup of the
extension L/K. Define M to be the elements of L fixed by 1. We justified in the proof of Theorem
2.2, point 3, that M /K is unramified and that L/M is totally ramified. To conclude, we must prove
that M C L. By Theorem 1.3, point 1, we can write M = K|a] for some a € 0);. a € L means that
for some element o of Gal(L/K), we have o(a) € L. But by Theorem 1.2, point 4, any unramified
extension is Galois. Thus o(a) € M and M = K|[o(a)] C L. [

Proposition B.2 A finite extension L/K of local fields is totally ramified if and only if &) = Ok|[n]
for any uniformizer 7 of L. Moreover, the minimal polynomial of a uniformizer & over K is an
Eisenstein polynomial.

Proof. Denote by n the degree of the extension, by v the valuation on &7, and fix 7 a uniformizer
of L. Suppose that L/K is totally ramified. The family 7/, i € [0;n — 1], is free over O because
their valuations are distinct modulo nZ = v(0k). It is a family of cardinal n so it is a base of ¢,
over Ok.

Suppose that &7, = Ok|[r]. The minimal polynomial of 7 is of degree n:
n—1 i
f=X"+Y aX'
i=0

Since f(m) =0 and v(n") = n, we must have v(a;n") = n for some i € [0;n— 1]. But for i # 0,
v(a;w") # 0 modulo nZ. Thus v(ap) = n, i.e. ap € mg\m%, and 7" —ay € m%. Then 7%|a;,
S0 a) € mg, S0 T2|ay w2, s0 ay € mg, and so on by induction. We conclude that f is indeed an
Eisenstein polynomial.
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We have m} C mz(L/ K _ mgOy. Let x € mg Oy that we write x = agx’ for some x' € 0;. Then

Since f is an Eisenstein polynomial, a; € mg for i € [1;n— 1]. Thus x € m} +m;mg. We can

repeat the same process on
n—1 .
(Zaiﬂl_1> )C,
i=1

and by induction we will be able to conclude that x € mj + mI'fH =m}. Thus L/K is totally
ramified. u

Definition B.2 Let L/K be a finite extension of local fields, and denote by p the residual
characteristic. The extension is called tamely ramified if p does not divide the ramification
index, and widly ramified otherwise. We denote that maximal tamely ramified extension by
Kiame:
Kiame = lim L
bl

where L runs trough the finite tamely ramified extension of K.
An extension that is both totally ramified and tamely (resp. widly) ramified is called totally
tamely (resp. widly) ramified.

Proposition B.3 Let K be a local field, a € &7, b € K such that " = a for some n € N* that is not
divisible par the residual characteristic p of K. Then the extension K [b]/K is unramified.

Proof. We write L for K[b]. Note that since b" € 0, b € 0;°. The minimal polynomial P of
b over K in therefore in Ok[X]. P denotes its image in k[X], and @ the image of a in k*. By
assumption, P|X" —@. The derivative of X" —@ is nX"~! which is non-zero (because p does not
divide n) and prime to X" —a (because a # 0, i.e. a ¢ mg). Thus X" —a has only simple roots,
and as a consequence P too. If we write the decomposition of P in r irreducible polynomials,
each irreducible polynomial will be prime to the others, and thus by Hensel’s lemma P can be
decomposed in r polynomials. Since P is irreducible, we can conclude that r = 1, i.e. that P is
also irreducible. Thus [l : k| = deg(P) = deg(P) = [L : K|, and this exactly means that L/K is
unramified. |

Theorem B.1 For 6 € Gal(Kiame/Kunram), T @ uniformizer of K, ¢ € N* a prime number different
from the residual characteristic p of K, n € N*, £/ € K a £"-th root of 7, we define

G(TEI/W)
P (0) = e

Then ¢~ is independent of the choice of & and its ¢"-th root, and has value an element of i the
" roots of unity in K. Moreover, the map

¢:0 = (¢(0))en

is a continous group isomorphism between the Galois group Gal(K;ame / Kunram) and [T lim i,
/R
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which is itself non canonically isomorphic to [  Z,.
l#p prime

Proof. Let 7’ be another uniformizer of K, and 7/'/¢" a £"-th root of n'. Write &’ = ar for some
a € 0. Then /""" = br'/*" for some b € K such that b = a. Then by Proposition B.3 above,
K[b]/K is unramified. By definition of o, it implies that b is fixed by o. Therefore:
o)y oba'"y  bo(x'/")  o(x'/")
P N [ Ny T YT
We have proved that ¢ is well-defined.

The injectivity of ¢ results from the above propositions B.1 and B.2. Suppose that ¢ (o) = 1, and
let L/K be any tamely ramified extension. By proposition B.1, there is an unramified subextension
M /K such that L/M is totally ramified. ¢ acts trivially on M by definition, and by Proposition B.2
L = M[r'/"] for some 7 a uniformizer of M (or equivalently of K, since M /K is unramified) and
n € N* not divisible by the residual characteristic p of K. Write n = ¢|'...¢}" for ¢y,...,{, primes,

ni,...,n, € Nx. Then the hypothesis means that ¢ acts trivially on 7'/ 4 for any i, and thus o also
acts trivially on 7t'/". Therefore we proved that ¢ fixed L and L is arbitrary so & is the identity of
Ktame-
Next we consider the surjectivity of ¢. Fix & a uniformizer of K. For any N € N* not divisible
by p, we can consider
o the Galois extension My of K obtained by adjoining the N-th roots of unity to K. By
Proposition B.3, My /K is unramified.
o the Galois extension Ly of K obtained by adjoining the N-th roots of 7 to M. By Proposition
B.2, Ly/My is totally ramified of degree N.
As above, we have an injective morphism

Gal(Ly/My) — Hﬂgw
o (‘Pm(zv)( )
and since both sides have the same cardinal, it is actually an isomorphism. If we have y € [] lim i,
(¢ =

then for any such N, y determines an element of [Tt and thus an element oy € Gal(Ly/My).
¢

We have natural projections maps Gal(Ly'/My') — Gal(Ly/My) if N|N' and the familty (oy)y
is compatible with these projections. Thus this family define an element ¢ in the Galois group of
lim Ly over im My . Now, using Proposition B.1 and Proposition B.2, the compositum of / im Ly

w1th Knram 18 K,ame Moreover, the intersection of /i zm Ly with K,;;10m 18 Li zm My and o acts tr1v1a11y

on this intersection. We can extends o to K, by settlng it as the 1dent1ty on the remaining part of
Kunram»> and we obtain an element of Gal(K;ame / Kunram) of image by ¢ equals to y. [ |

We now come to the definitions of the wild inertia subgroup. We define more generally the
following filtration of the Galois group.

Definition B.3 Let L/K be a Galois extension of local fields of Galois group G. For each i € N,
we defined the i-th ramification group (in lower numbering) by

G; = {0 € G|V M/K finite Galois subextension, Vx € M, &(x) —x € m}}!
Gy is the inertia subgroup. G is called the wild inertia subgroup.

Note that G; is a subgroup of Gal(L/K) for all i because of the relations
ot(x) —x = (0o(7(x)) — 7(x)) + (t(x) —x)

o '(x)—x=—-0"Y(ox)—x)
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Proposition B.4 Let L/K be a finite Galois extension of residual characteristic p and G; the
ramification groups. Then the order of Gy/G; is prime to p, and the order of G;/G;y fori € N* is
a power of p.

Proof. First we should justify that G, is normal in G;. Consider 6 € G;, T € G;;+1 and x € L. We

want to prove that (6176 (x) —x € mi". Then we write

o 'to(x)—x=0"!(10(x) - o(x))

to conclude.
Now choose 7 a uniformizer of K. Then we can define a map

Gi/Gis1 — (1+mk)/(1+mih)

(
I

where the image as the structure of a multiplicative group, except in the case i = 0 where 1+ mi

should be replaced by & to make things work.

Note that the value @ is independent of the choice of 7, because we consider elements of the

inertia subgroup. As a consequence, this map is in fact a group morphism. Indeed,

GOty co1(m) _ cort(m) t(m) _ o(n) t(m)
T () =« T o7

where the last equality uses the previous remark and the fact that 7(7) is an uniformizer. Therefore
we have defined a group morphism and we prove, by playing with the definitions a bit, that this
morphism is injective.

Now for i = 0, we have

and this group is of cardinal p/(X/@) — 1 prime to p, thus we deduce by Lagrange’s theorem that
the cardinal of Go/G; is also prime to p.
For i € N*, given a uniformizer 7, we have a non-canonical bijection

(1+mi)/(1+mif)  — &

x +— theclass of x;,»l

Therefore (1+mi.)/(14+mif!) is of cardinal p/(K/@) and as a consequence G;/G; is of cardinal
a power of p. |

Proposition B.5 For the extension K /K, we have
Gy ziGal(F/ Kunram)- X
Gal(K/K)/Go = Gal(Kunram/K) ~ Z

G = Gal(K/Kiame)-

GO/GI = Gal(Ktame/Kunram) = I} lgn Hen.

Proof. o Justified in the proof of Theorem 2.2, point 3.

e It is a consequence of the previous point, of the Galois correspondence and of Theorem 1.2.

e If L/K is a finite Galois tamely ramified extension, then by Proposition B.4 G is a subgroup
of Gy of cardinal a power of p. But by hypothesis the cardinal of Gy is not divisible by p, so
G must be trivial. This proves the inclusion G; C Gal(K /K;ame ).
Conversely, take some ¢ € Gal(K /K:qme) and let L/K be a finite Galois extension. Denote
by P the wild inertia subgroup in Gal(L/K) and by M the fixed field of P in L. The extension
M /K is Galois of Galois group Gal(L/K)/P and thus tamely ramified by Proposition B.4.
Thus ¢ € Gal(L/M) = P. This proves the inclusion Gal(K /Kyame) C G-
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e Itis a consequence of the points 1 and 3, of the Galois correspondence and of Theorem B.1.
|

In the following, K is a local field, we write G for the absolute Galois group of K, I for the
inertia subgroup and P for the wild inertia subgroup. Then we can define an action of G/I on
I/P by conjugation. For this action to be well-defined, we need to check that for any o,7 € I,
0716~ ! = 7in I/P. We prove this by using Proposition B.5, point 4, and the explicit isomorphism
of Theorem B.1. We only have to check that for 7 a uniformizer of K, ¢ a prime, n € N*, nl/t" a
¢"-th root of 7, cto ! (/") = t(x'/""). Write

G(nl//f") :an.l/Z"
o(x'/"y = b/

where a,b are ¢"-th roots of unity, and recall that by Proposition B.3 the extensions K|a|/K and
K[b]/K are unramified, which means that a and b are fixed by ¢ and . Thus by applying 6! to
the first equality, we get

ﬂ:l/f" _ o.—l(aﬂ:l/é") _ aG—l(n.l/Z”)
or equivalently
Gfl(ﬂl/é") :afln.l/(”

Now we can prove the desired equality:

oto (/") =ot(a 'mV/")
=a lot(n!")
—a lo(br'/")
=a 'bo(x'/")
= a 'ban'"
=br'/"
= t(x/")

Therefore we have a well-defined action of G/I on I/P. We can easily describe this action, starting
with the Frobenius element F € G/I. We keep the same notations as above and also let ¢ be a £"-th
root of unity such that F(x'/ ") = er'/?" . F acts like the p-th power on elements which define an
unramified extension, so in particular on » and ¢. We deduce that F~! acts on b and ¢ like the g-th
power, where g in the inverse of p modulo ¢". Thus if we apply F~!, we get

Al = ap (g
or equivalently
pl (n.l/é”) — g/
We can then compute the action of F:
FtF ' ('Y = Fe(c7in'/")
= ¢ PiFT(n'/")
=c 'F(br'/")
=c WPF (/")
=c 'pren/t
= pPr'/”

— Tp(ﬂl//f")



32 Appendix B. Totally tamely ramified extensions and the Frobenius

We deduce from this computation that the action of F on I/P corresponds to the p-th power map.
Moreover, for any element s € (G/I)\{F}, we have some ¢ # p prime, some n € N* and some
£"-th root of unity d such that s(d) = d"* with k € [2;¢" —1]. Then s doesn’t act like the p-th
power on I /P. Therefore this action of F characterizes F, and with this information in mind we
will finally be able to prove the theorem that is the goal of this section.

Theorem B.2 Let K, K’, f be as in Theorem 2.2, G and G’ the absolute Galois groups of K and
K’ respectively, I and I’ the inertia subgroups of K and K’ respectively, P and P’ the wild inertia
subgroups of K and K’ respectively, F and F’ the Frobenius in G/I and G’ /I' respectively. Then:

. (1) =1

o f(P)=F

o f(F)=F'

Proof. We already proved the first point in chapter 2. For the point 2, consider L any finite Galois
extension of K. By the infinite Galois correspondence, L corresponds by f to a finite Galois
extension L’ of K’ and their Galois groups over K and K’ respectively are isomorphic. We know
that f preserves the inertia subgroups of G and G’, so the induced map between Gal(L/K) and
Gal(L' /K’) also preserves the inertia subgroups. By Proposition B.4, the wild inertia subgroups
in Gal(L/K) and Gal(L'/K’) are the only p-Sylow subgroups of the inertia subgroups. Thus the
induces map f : Gal(L/K) — Gal(L' /K") preserves the wild inertia subgroups. Since this is true
for any finite Galois extension, f : G — G’ preserves the wild inertia subgroups.

Finally, to prove that the induced map f : G/I — G'/I' preserves the Frobenius, we use the
above characterization: F acts like the p-th power map on I /P, so f(F) acts like the p-th power
map on f(I)/f(P) =1I'/P'. This exactly means that f(F) = F’. [ |



C. The weight filtration

The general theory of the weight filtration of the ¢-adic cohomology of a scheme is developed by
Deligne in Théorie de Hodge I (1970), I1 (1971) and IIT (1974). The theory for the homology (the
Tate module) of curves over local fields is already developed in SGA7 (1967-69), Exposé IX, by
Grothendieck. For a curve X, the weight filtration consists of two canonical subspaces W_, and W_
of the ¢-adic cohomology Wy = H' (X, Q). Beware that in this notation W; represents the subspace
of weight at most i - the weight i part is thus the quotient W;/W;_;. In SGA7, Grothendieck calls
the subspaces appearing in the dual of the weight filtration the fixed part and the toric part. The
level of this appendix is above our own level in algebraic geometry, and as such we apologize for
the imprecisions and errors that are due to appear.

We didn’t define the /-adic cohomology and we will not. For our purpose, the reader must only
know (or admit) that in our setting the /-adic cohomology groups H'(X,Qy) are finite-dimensional
Q¢-vector spaces. We also need the following theorem relating the geometric fundamental group
and the /-adic cohomology. It can be thought of as an ¢-adic version of Hurewicz’s theorem.

Theorem C.1 In our setting, the maximal pro-¢ abelian quotient of the geometric fundamental
group, when tensorized by Qy, is naturally isomorphic to the dual of the first £-adic cohomology

group Hl(X,Qg).

The intuition behind the weight filtration is that it is possible to distinguish in the /-adic
cohomology groups of a variety X the part that is already present in the compactification of X, and
the parts appearing when removing a subvariety in the compactification. In the case of a curve
of genus g with r punctured points, we will be able to distinguish in the first cohomology group
the part coming from the compactification (which has dimension 2g) and the part appearing after
removing the punctured points (which has dimension r — 1 if r > 0).

The weight filtration over a finite field IF, is deeply linked to the eigenvalues of the map induced
by the Frobenius on the /-adic cohomology. To justify this fact, we need the following result. It is a
fundamental tool to study the weight filtration.

Theorem C.2 — Riemann hypothesis over finite fields, Weil, Grothendieck, Deligne,
1973. Let Z be a nonsingular projective variety over a finite field IF, of characteristic p, and
¢ # p another prime. For any i € [1;2n — 1], and any A an eigenvalue of the automorphism of
H'(Z,Q) induced by the Frobenius map Z — Z, the minimal polynomial of A has coefficients
in Z independent of ¢. The complex roots of this polynomial all have complex norm ¢"/2. We say
that A has weight i.

An equivalent statement of the above theorem is that the part of weight i of the ¢-adic coho-
mology corresponds exactly to the direct sum of the eigenspaces with eigenvalues of weight q'/2.
We didn’t define the weight filtration so we can’t prove this fact rigorously, but we can justify it in
our setting using the intuition that we gave. The theorem says exactly that a nonsingular projective
variety has only one weight, which corresponds to the intuition since it is its own compactification.
Now suppose X is an open subvariety of Z compact projective, with complementary Y which is a
finite number of points. Then we have a long exact sequence in cohomology:

.= HO(Y, Q) = H' (X,Qy) —» H'(Z,Qp) — H' (Y,Qp) — ...
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and we see that the eigenvalues of the Frobenius on H ! (X,Qy) will be either weight 1, in which
case they come from the compactification, or weight 0, in which case they come from the punctured
points.

In section 2 we will use the duality of the weight filtration. For curves, the statement is as
follows:

Theorem C.3
Wo/W-1 ~W_,

An explicit description of the weight filtration

The goal of this section is to describe the proof of the following result, used for Theorem 3.5, point
1: if A is an open subgroup of I, B = AN A, then the image of B in the abelianization of A is a free
Z-module of finite rank. Here IT and A are respectively the étale and the geometric fundamental
groups of a variety X over a p-adic field K. Then A is the étale fundamental group of Y for Y a
finite étale covering of X, and one can prove that B is then the geometric fundamental group of Y.
Thus, if we replace X by Y, we are reduced to proving that the image of A in the abelianization of I1
is a free Z-module of finite rank. Equivalently, the image of A can also be seen as the image of A%,

We only describe the main steps of the proof:

1. If there is a section Gal(K /K) — I, the image of A in the abelianization of IT is the quotient
of A%’ under the action of Gal(K /K).

2. If we replace X by some finite étale covering Y of X, we can suppose that there is a section as
in the first point. The images of the geometric fundamental groups in the étale fundamental
groups for X and Y only differ by torsion.

3. There is an explicit filtration 0 C T" C T/ C T = A? of the abelianization of A. After taking
the maximal pro-¢ quotient, the tensor product by Qy, and the dual, it gives the weight
filtration on the ¢-adic cohomology, thus the title of the section.

4. T' has image zero in the quotient by the action of the absolute Galois group.

T/ /T' has image zero in the quotient by the action of the absolute Galois group.

6. T/T! ~ H'(I') ®7 7 where T is the dual graph of X. H'(T") is stable under the action of the
absolute Galois group.

e

We deduce from the three last point that the quotient of A%® by the action of the absolute Galois
group is the tensor product by Z of the quotient of H'(I") by the action of the absolute Galois group.
Since Z-modules are well-known, the result follows.

Reconstructing the weight filtration

The goal of this section is to describe how to reconstruct the weight filtration from the étale
fundamental group - or equivalently from the geometric fundamental group A and the morphism
Gal(K/K) — Out(A). In fact, what we want to prove is that we can recover either the genus of
the number of punctured points, as stated in Theorem 3.5, point 3. However, if we know that the
weight filtration is preserved by isomorphism of étale fundamental groups, and admitting some
properties of the weight filtration, the conclusion follows from simple computations. We start by
doing those simple computations.

We write W_, C W_; C W, for the weight filtration of X, a curve as in Theorem 3.5, and
w! , C w’ 1 € Wé for the weight filtration of the compactification of X. The dimension over Q;
of W, is the rank over Z of A%, that is 2g+r— 1. The equality between dimension and rank is
also true for the compactification, and this time the result is 2¢g. We admit that Wo/W_; ~ W /W',
and W_; /W_, W', /W’,, and we also recall that the duality Theorem C.3 gives Wy/W', ~W’,.
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Then we write

r—1=dimg,(Wo) — dimg,(Wp)
= dimg,(Wo/W_1) + dimg,(W_1 /W_2) +dimg,(W_2)
—dimg,(Wo /W) — dimg, (W, /W',) — dimg,(W,)
= dimg,(W-2) — dimg, (W)
= dimg,(W-2) — dimg, (WO//WLI)
= dimg, (W_2) — dimg, (Wo/W-1)

If we know how to reconstruct the weight filtration from the étale fundamental group, then this
implies that we can get the number of punctured points, and as a corollary the genus.

We stated in the introduction that the weight filtration was "canonical", but canonical only
means that an isomorphism of varieties respect the weight filtration. Here, we don’t know that
the varieties are isomorphic, or even that they are on the same field. However, we know how to
reconstruct the first £-adic cohomology group (Theorem 3.5, point 1, and Theorem C.1) and the
Frobenius element in G/I (Theorem 3.5, point 1, and Theorem 2.2., point 2, proved as Theorem
B.2). We want to generalize the correspondence between the weight filtration and the eigenspaces
of the Frobenius described in the introduction of this appendix. The Frobenius element is defined
modulo an element of the inertia subgroup, so in general it does not make sense to speak of the
eigenspaces of the Frobenius. However, when it does make sense, this correspondence still holds.

Theorem C.4 In our setting, and if we suppose moreover that the eigenvalues of the elements
of the inertia subgroup on the first /-adic cohomology group are roots of unity, then the part of
weight i corresponds to the direct sum of the eigenspaces with eigenvalue of weight i for any lift
of the Frobenius.

Even though one can think at first that the hypothesis is restrictive, in fact one can always
suppose that it is satisfied, using the following theorem. We give its proof since it does not use
algebraic geometry.

Theorem C.5 — Grothendieck’s Local Monodromy Theorem, 1968. Let K be a local field,
¢ a prime distinct from the residual characteristic of K and p : Gal(K/K) — V a continuous
representation of the absolute Galois group of K on a finite-dimensional (Q;-vector space V.
There exists a finite extenstion L of K such that the restriction of p to the inertia subgroup of
Gal(L/L) has only roots of unity as eigenvalues.

Proof. Take W a Zy-lattice in V. Then W is open in V, and GL(W) is open in GL(V'). By continuity,
p'(GL(W)) is open in G = Gal(K/K), so the quotient G/p~'(GL(W)) is finite. Consider W'
the Z,-module obtained by adding to W the images of a set of representants of the above quotient.
Then by construction the image of p is included in GL(W'). Moreover, W’ is a torsion-free finitely-
generated Z;-module and Z, is a principal ideal domain, so W’ is free, so that GL(W') is isomorphic
to GL,(Zy) where n is the dimension of V. In the rest of the proof, we consider that the image of p
is included in GL,(W").
For A € M,(Z;), we have I, + YA € GL,(Z,) because its inverse is

~+oo

Y (—A)

k=0

which is well-defined. The subset I, + M, (Z;) is an open subgroup of GL,(Z). Now recall that
by Proposition B.4, the wild inertia subgroup P of G is a pro-p group. Then it is a corollary of
Lagrange’s theorem that for g € P, ¢”" = 1 when k — oo, Suppose that p(g) € I, + M, (Zy),
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written p(g) = I, + (M, (Zy) for some A € M,,(Zy). Then:
p(g”)= p(g)pk = (I, + €A>pk =1, +Pk€A +0°B

for some matrix B € M,,(Z,) depending on k. This expression tends to zero, so for k great enough
we have that p*¢A + ¢?B is divisible by ¢°. Since ¢ # p, it follows that A is divisible by £. Write
A = (A’ for some matrix A’. Similarly, we get

PRePA +0*B — 0

for some matrix B depending on k, and we deduce that 02 divides A’, so £3 divides A. By induction
we deduce that A is divisible by any power of ¢, and thus that A = 0.

We noted that I, + £M,,(Z;) is an open subgroup of GL,(Z;), so by continuity G’ = p~! (I, +
M, (Zy)) is an open subgroup of G, corresponding to a finite extension L of K. In the previous
paragraph, we proved that the wild inertia subgroup P’ in G’ has trivial image by p, thus we can
consider p as a group representation of the quotient G’ /P’. Consider I’ the inertia subgroup of G,
and recall that by the computations before Theorem B.2, if F € G’ is a lift of the Frobenius, F
acts by conjugation on I’ /P’ as the p-th power. Now consider an eigenvalue A of p(g) for some
g € I' /P with eigenvalue x, and let us prove as stated that A is a root of unity. We write:

Ap(F)(x) = p(F)(Ax) = p(F)op(g)(x) = p(FgF~'F)(x) = p(") o p(F)(x)

We proved that A is an eigenvalue of p?”. By induction, A is an eigenvalue of p”k for all k € N*. But
p has only a finite number of eigenvalues, so there must be an eigenvalue i of p and two indexes
k < Isuch that A = u¥ = u!. Then u/=* =150 /=% = (u'~F)k = 1, and this ends the proof. M

With this theorem we can finally prove that the number of punctured points can be reconstru-
cuted from the étale fundamental group. Consider X, X', f as in Theorem 3.5. For each finite étale
covering Y of X, with Y defined over a finite extension L of K, choose F a lift of the Frobenius
element in the the absolute Galois group of L. Denote p the representation of the absolute Galois
group of L on the first {-adic cohomology group of Y. Then we can compute the value of

1+ dimg, ( ®  Ker(lId—Ap(F))—dimg,( @  Ker(Id—Ap(F))
A of weight —2 A of weight 0

The two previous theorems state that this sequence converges, and its limit is
1 + din’IQ[(W_z) - dika (W()/W_l)

which is also by the computations above the number of punctured points of X. Now f gives a
correspondence between the finite étale coverings of X and X', sends a representant of the Frobenius
to a representants of the Frobenius, and gives an isomorphism between the first £-adic cohomology
groups. Therefore the computation of the limit above is invariant by f, and we obtain that the
number of punctured points of X and X’ are equal.
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D. Anabelian geometry over global fields

The internship was originally supposed to speak about anabelian geometry on both p-adic fields
and number fields. However, due to both a lack of available space in the report and a lack of time to
complete the proofs, the two following sections about anabelian geometry over global fields have
been removed from the main chapters of the report. The first one is incomplete.

Neukirch’s theorem

Theorem D.1 — Neukirch, 1969. Let K, K’ be two number fields. We suppose that Gal(K /K)
and Gal(K'/K') are isomorphic. Then K and K’ are isomorphic.

There are four main steps in the proof of Neukirch’s result. The first one is to associate to each
prime of K a prime in K’ with isomorphic decomposition subgroups. The second step is to prove
that these two primes have the same inertia index. The third step is to deduce the global statement
for Galois extensions of Q by using Chebotarev’s density theorem. The fourth step is to generalize
the result to non-Galois extensions.

This section contains an incomplete proof of Neukirch’s theorem. In particular, the fourth
step is not described here at all. It is not, though, the most difficult: if local class field theory and
Chebotarev’s density theorem are admitted, the most difficult step the first one. The key result is a
characterization of decomposition subgroups in the absolute Galois groups of number fields (see
below) that is admitted here.

We begin the proof of the first step by linking the decomposition subgroup of a prime with the
Galois group of the completed field at this prime. We will need the following result:

Proposition D.1 — Krasner's lemma. Let K be a local field, o, € K, and let ¢ = o, 0, ..., O,
be the conjugates of a. Suppose that |0t — | < |a — ¢| for i € [2;n], the norm being computed in
Koy, B]. Then K[| C K[B].

Proof. First note that the hypothesis implies that |t — ¢;| > 0 for i € [2;n], or equivalently that o
is separable over K. We assume that K[a] is not included in K[B]. Then K[o, B8] is a non-trivial
extension of K[f], and since « is separable over K[f], there is ¢ : K[o, B] — K that fixes K|[p] but
not ¢. Then
oo — B[ =[o(a—B)| = |oi - B
for some i € [2;n]. Then:
| — o < max{|a— B, [ei — B}
Then we get that either
o —o4] <o — B
or
o — i < [oi — B

and in this second case, by applying !

and recalling that o; = o (), we get
07! (o) — o < [~ B

with 6~ !(a) # a. In both cases we have a contradiction. [
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Proposition D.2 Let K be a number field and p.. a prime in K. For any finite extension L of K, we
write p;. = P N Op, and Ly, for the pr-adic completion of L. Then:
e The ramification index and the inertia index of Ly, of K, are the ones of L at p;, over pg.
e The union M of the L,, where L runs through the finite extensions L of K is a separable
closure of the completion K.
e The decomposition subgroup of p.. in Gal(K/K) is isomorphic to the absolute Galois group
of K, .

Proof. e The equality of the inertia indexes results from the isomorphism
ﬁLpL /mLpL ﬁLPL ~ ﬁL/pLﬁL
which itself results from the isomorphism
ﬁLPL ~ lzn ﬁL/pzﬁL

where n runs through N. For the equality of ramification index, we start from

pxOp = qu(q/pk)
qlpx

and we tensorize it by ﬁLFL over Oy . The left-hand side becomes Mg, ﬁLPL and, since for

e(pL/F'K)'

q # p. the elements of q\{0} are invertible in &}, , the right-hand side becomes my,

This implies the desired equality.
e We assume that the reader knows the equality

dimg (L) =Y e(q/px)f(a/px)
q

where the sum is on the primes ideals q of L above pg. Our interest lies in the inequality
dimK(L) > e(pL/pK)f(pK/pK) = e(mLpL /prK )f(mLpL /prK) = diprK (LPL) that follows
from this equality and the first point. It shows in particular that the union M of the L, is
an algebraic extension of K;,,. We must now show that it is algebraically closed. Let o be
an element that is algebraic over M. Since M is algebraic over Kp,,  is algebraic over Kj, .
Consider its minimal polynomial P € K, [X]. Since the fields considered are of characteristic

zero, P has no double root, so the quantity € = min |0 — 0|, where @ = o, @, ..., o, are
i€[2;n]

the conjugates of «, is strictly positive. Since K is dense in K, for any § € RY we can
approach P by a polynomial Q € K[X] such that their difference (for the norm that is the sum
of the px-adic norm of the coefficients) is smaller that 8. If we choose § small enough, then
Q will have aroot 8 in K such that |oc — | < €. Then by Krasner’s lemma, Ky, [@] C K, [B]
and Ky, [B] = K[B]py; © M, so & € M and this concludes the proof.

o It is sufficient to justify that for L a finite Galois extension of K, Ly, /Ky, is Galois of Galois
group isomorphic to the decomposition subgroup of p; in Gal(L/K). By the primitive
element theorem, L = K[a| for an a whose conjugates all lie in L. Then L,, = K, [¢t] and
the conjugates of « all lies in Ly, , so Ly, /Kp, is Galois. An element of Gal(L,, /Ky, ) is
in particular, by restricting it to L, an element of Gal(L/K) that fixes p;. Conversely, any
element of the decomposition subgroup of p; in Gal(L/K) extends in a unique way to give
an element of Gal(Ly, /K, ).

The following theorem is a converse to this proposition, and the key result of the proof:
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Theorem D.2 — Neukirch’s characterization of decomposition subgroups. Let K be a
number field, and H a subgroup of Gal(K/K) that is isomorphic to the absolute Galois group
of a local field. Then there is a prime p.. in K such that H is the decomposition subgroup of p..
over a finite extension of K. Moreover, this prime is unique.

Proof. Admitted. See J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of Number Fields,
Theorem 12.1.9. |

We now start the proof of Neukirch’s theorem. The isomorphism Gal(K/K) — Gal(K'/K') is
denoted by f.

First step of the proof of Neukirch’s theorem. Let p be a prime in K, and fix p.. a prime of K over
p. Then by Proposition D.2, the decomposition subgroup D of p.. in Gal(K/K) is isomorphic to
the absolute Galois group of a local field. Thus f(D) is too. By Theorem D.2, this implies that
f(D) C D' where D' is the decomposition subgroup of a prime q.. of K’ above a prime q of K’. To
finish this step, we have to prove that in fact f(D) = D’. Equivalently, f~!(D’) C D. By using once
again Proposition D.2 and Theorem D.2, we have f~!(D’) C D" where D" is the decomposition
subgroup of a prime p/, of K above a prime p’ of K. In particular D C D”. Since we also have
D C D, the unicity in Theorem D.2 implies that D = D" and as a consequence that f(D)=D'. B

Second step of the proof of Neukirch’s theorem. By the first step, there is a 1 — 1 correspondence
between prime ideals of K and of K’. For p a prime in K, denote f(p) the corresponding prime
in K’. Moreover, to those two prime ideals we have associated local fields K, and K /f(p that have
isomorphic Galois groups by Proposition D.2. Now Theorem 2.2, point 2, and Proposition D.2,
point 1, implies that the inertia indexes of p and f(p) are equal. |

The third step is a corollary of the following (difficult) theorem, that is not proved in this report.

Theorem D.3 — Chebotarev’s density theorem, 1922. Let L/K be a finite Galois extension
of number fields. For each unramified ideal p of Ok, the conjugacy class of Frobenius element
associated to a prime ideal q of &7, above p is independent of the choice of g, we denote it o}.
Then for any conjugacy class C of G = Gal(L/K), we have

Card{yp unramified prime ideal of k such that N(p) < x and o, = C} Card C
Card{p unramified prime ideal of Ok such that N(p) < x} x=+e Card G

Proof. As for any result giving an equivalent of an arithmetic quantity, this theorem is proven by
writing the partial sum of the coefficients of some L functions as an integral (by Fourier’s inverse
formula) and then as a sum of residues (by the residue theorem). For Chebotarev’s density theorem,
Artin’s L functions are the ones used. The details are omitted as it would be too long for this
report and too far from the subject. See for example J. S. Milne, Class Field Theory, https://www.
jmilne.org/math/CourseNotes/CFT.pdf, Chapter VIII - Complements, Theorem 7.4. |

Corollary D.1 — Third step of Neukirch’s theorem. Let K, K’ be two numbers fields that are
Galois over Q. We suppose that for any prime p € N that is unramified in both K and K’, the
inertia indexes of K and K’ at p are equal. Then K = K.
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Proof. Let p be a prime number. We denote 65 for the conjugacy class defined in the statement of
the theorem in Gal(K/Q). We first note that we have the equivalences
p splits completely in KK' <= GfK, ={1}
<= Any represent of GII,(K/ is the identity on KK’
<= Any represent of GfK/ is the identity on both K and K'
= of ={1} and ¥ = {1}
<= p splits completely in both K and K’
This equivalence and the hypothesis imply that the primes that split completely in K, K’ and KK’

are exactly the same. But Chebotarev’s density theorem implies, by taking C = {1}, that the density
of those primes is equal to the inverse of the dimension of the field extension. Thus

diMQ(K) = dimQ(KK,) = dim@(K’)

and we conclude that the three fields are equal. |

Anabelian geometry for hyperbolic curves over global fields

Theorem D.4 — Relative Grothendieck’s conjecture - Nakamura, Tamagawa, Mochizuki,
1995. Let X and X’ be two hyperbolic curves over a number field F. We suppose that their étale
fundamental groups are isomorphic. Then X and X’ are isomorphic.

Proof. Mochizuki’s first proof, based on the ideas of Nakamura and Tamagawa, is given in The Profi-
nite Grothendieck Conjecture for Closed Hyperbolic Curves over Number Fields, https://www.

kurims.kyoto-u.ac.jp/ motizuki/The’%20Profinite’20Grothendieck’20Conjecture’20fory

20Closed’20Hyperbolic%20Curves)20over20Number’20Fields.pdf. He gave a second
proof in The Local Pro-p Anabelian Geometry of Curves, https://www. kurims.kyoto-u.ac.
jp/"“motizuki/The%20Local%20Pro-p#%20Anabelian20Geometry’%200£f%20Curves. pdf, us-
ing a different method and strenghtening its previous results. |

The above theorem is the conjecture that was mentioned in the introduction of the second chapter.

Theorem D.5 The only topologically finitely-generated closed normal subgroup of the absolute
Galois group of a number field is the trivial subgroup.

Here "topologically finitely-generated" means that there exists a finitely-generated subgroup that is
dense is the whole group.

Proof. Admitted. See for example M. D. Fried, M. Jarden, Field Arithmetic, Springer, 2008,
Proposition 16.11.6. u

Corollary D.2 Let X be an hyperbolic curve over a number field F with arithmetic fundamental
group I and geometric fundamental group A. Then A is the unique maximal topologically
finitely-generated closed normal subgroup of I1.

Proof. Let H be a topologically finitely-generated closed normal subgroup of I1. Then the image of
H in Gal(F /F) is a topologically finitely-generated closed (because the sequence is split) normal
subgroup, thus trivial by Theorem D.5. Il follows that H C A. A is a topologically finitely-generated
(by its explicit description) closed normal subgroup of IT so we have the conclusion. |
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Corollary D.3 — Absolute Grothendieck’s Conjecture. Let X and X’ be hyperbolic curves
over F and F' respectively, with F, F’ two number fields. We suppose that their étale fundamen-
tal groups are isomorphic. Then F and F’ are isomorphic and X and X’ are isomorphic.

Proof. Let f be an isomorphism between their étale fundamental groups. The characterization of
the previous corollary implies that f preserve the geometric fundamental groups. Then the quotient
map is an isomorphism between the absolute Galois groups of F and F’. By Neukirch’s theorem,
we can conclude that F and F’ are isomorphic and then apply the above theorem of Mochizuki. W
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